TRANSFORMATIONS OF SURFACES o*

(SECOND MEMOIR)

BY
LUTHER PFAHLER EISENHART

In a former memoir{ we developed a theory of transformations K of conju-
gate systems with equal point invariants into systems of the same kind.
Subsequently} we considered the case in which the lines joining corresponding
points on two surfaces in the relation of a transformation K form a normal
congruence. These surfaces, being of a particular kind, are called surfaces C'.
We have shown that there are transformations of the K type, denoted by
K., which transform a surface C into surfaces C. The surfaces S, orthogonal
to these normal congruences, are the surfaces @ discussed by Demoulin.§
We showed that there exist transformations 4, of S into surfaces S;, such
that S and a surface S, envelope a two-parameter family of spheres, and in
the correspondence between S and S thus established lines of curvature
correspond. In the present memoir we extend our investigations concerning
these transformations A4,,, and more particularly apply the results to certain
types of surfaces Q.

Transformations A,, belong to the general class of transformations of
Ribaucour, and in the first part of the paper we put the equations in a form
possessed by all transformations of Ribaucour.

Guichard discovered|| a class of surfaces possessing the following charac-
teristic property: If S is such a surface, there exists an associate surface S;
such that the lines of curvature on the two surfaces have the same spherical
representation, and the principal radii of curvature p;, p; and p;, p; of the
respective surfaces are in the relation

p1p2 + p2 p; = const. F 0.

* Presented to the Society, December 28, 1915.

t These Transactions, vol. 15 (1914), pp. 397—430. This memoir will be referred
to as M;.

t These Transactions, vol. 16 (1915), pp. 275-310. This memoir will be referred
to as Mz.

§Comptes Rendus, vol. 153 (1911), pp. 590-593, 705-707.

|Comptes Rendus, vol. 130 (1900), p. 159.
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Demoulin* remarked that these surfaces are surfaces 2. We apply the above
general results to these surfaces of Guichard and show that they admit trans-
formations A, into surfaces of Guichard.t

The circles orthogonal to two surfaces in the relation of a transformation
Ay, form a cyclic system. We call the planes of these circles the circle-planes
of the transformation. Beginning with § 8, we consider the case where for
two or more transformations A, the circle-planes are the same for these
transformations. We find that there are special surfaces Q@ depending upon
six arbitrary constants which admit, in general, three transformations A4,
such that the circle-planes are the same, and these complementary trans-
formations are known when a special surface is given.

We have shown in M, that the transformations D,, of isothermic surfaces,
discovered by Darboux} and studied at length by Bianchi,§ are transforma-
tions 4,,. Applying the foregoing results to isothermic surfaces we are led to
the special isothermic surfaces studied by Darboux and Bianchi in the memoirs
indicated.

In like manner these results when applied to surfaces of Guichard lead to
the special surfaces of Guichard previously studied by the author.||

In §§ 3 and 19 a study is made of the envelope of the circle-planes of comple-
mentary transformations. These surfaces are applicable to quadrics when S
is a special isothermie surface or a special surface of Guichard.

In the closing section it is shown that for certain surfaces @ the transforma-
tions A4, go in pairs, the circle-planes of any pair being the same. But the
transformations cannot be found directly as in the case of the complementary
transformations of special surfaces. The surfaces of Guichard are of this

type.
1. EQUATIONS OF A SURFACE (

In accordance with the definition of a surface C, its eartesian coordinates,
z, Y, 3, a complementary function ¢, and the function 2? + y* + 2* —  are
solutions of an equation of the form

36 dlog \[5@+8log\/;

@ T o0 T ou

*L.e, p. 707.

1 These transformations are the same as those found by the author formerly by a method
not based upon the underlying transformations K,, Annali di matematica,
ser. 3, vol. 22 (1914), pp. 191-248.

f{Annales de 1’Ecole Normale Supérieure, ser. 3, vol. 16 (1899).

§Annali di matematica, ser. 3, vol. 11 (1905), pp. 93-158.

fAnnali, L c., pp. 235 et seq.

a0
™ 0.



1916] TRANSFORMATIONS OF SURFACES 55

The fundamental functions E, F, G, D, D" of C are given by*

at dt ot a\* 1

) —pe-r= (S + (%) ]+5

D mo(No — pbo) D" mg(No + po)
i~ 15 L w71 ¥
where B _
L——l— 0%t 9t dlog Vp galog\/p]
@ THplow T ou 9w v v ’
M——l— %t étalog\/— Q{&log\[;]
THipl o ou  du dv M ’
and
oT ot aT ot
@ u =M —=pb) g, 0 =mo(h+ )7,

6o being the solution of (1) which determines a conjugate surface Co of C
(cf. My, § 3), and Ay being determined by the equations

5) Qﬁ 300 6)\0 a6,
ou = Pou’ B P

By means of the above equations and the expressions [41], it can be shown
that the expressions (2) for D and D"’ satisfy the Codazzi equations. There
remains the Gauss equation} to be satisfied, which is reducible in consequence
of (2) to

(A3 — p? 62
[ S EB) _ p T 0+ )
0
mo at ot 2 1
©) ~ MR- Peo)][(au) +(5;,) +;]
_ 9 log \p o log \p
T 9w Fr

Recapitulating these results, we have
THEOREM 1. The analytical determination of surfaces C consists in finding
five functions \o, 00, To, p, and t satisfying equations (4), (5), (6) and

. &t dlogVpot  dlog Vpot
@ T a0 dut  du

* Cf. [35], [36], [43], [46]. A reference of this sort is to equations of the memoir M.

t E., p. 156. A reference of this sort is to the author’s Differential Geometry, Ginn and Co.,
Boston, 1909.

1 E,, p. 155.

=0.
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2. EQUATIONS OF TRANSFORMATIONS A,

The lines joining corresponding points on a surface C and the conjugate
surface Cy form a normal congruence. The orthogonal surfaces are surfaces Q
by definition. Let S be one of these surfaces. In M, § 8, we established a
transformation of S of the Ribaucour type. In the present section we give
another form to the equations of such transformations 4

It X,Y,Z; X,, Y1, Zi; Xs, Ys, Z, denote the dlrectlon-cosmes of the
normal to S and of the tangents to its lines of curvature, we have from [9],
[12], and [53]

= 1
(8) X=To(aoX1+boX2+’WQX)
and
= dxr Ot = = dxr Ot =
(9) G=w(E+8x), R=w(E+5T),

where X, Y, Z; Xy, Y1, Z:; X2, Y2, Z; are the direction-cosines of the normal
to C and of the bisectors of the angles between the parametric curves on C.
In consequence of [7] and (8), equations (9) may be replaced by

— by Ot at
X1=1/_[(1/_cosw+T EW )X1+( \/—s1nw+T°au)X2 +;),:auX]
— b, ot at
X2=\/_[(‘/_cosw+T )Xl—l-(\/asmw+T°a )Xg-l-;,,oavX]

where 2w is one of the angles between the parametric. curves on C.
By means of the expressions [42] and [46] for ao, by, wo, namely

To 1 ot 1 at°
“°=-2—cosw(,/—,—m+vaaa)’
(10)
hegle (Lo Lay T
"= osinw\yEOL ~NGgo/) T Hp

these are reducible to

— 1 1 ot
s——m2wlep<SmwX1_cosz2+\f—auX)’
an .

1 ot
=s_———in2w\/(?—;)(81an1+cosz2+\/EB?)X)
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From (8) and (11) we have

1
X1=7X+2003w(«/EpX1+1l_—X2)
12 X, b°X+ 1 ( X+ X)
(12) To* 1 2sinw 4— G
1 [t
X—T0X+HV( Xi++ Xz)

If S; denotes a transform of the surface S by a transformation A4,,, as
developed in M,, § 8, the two surfaces S and S; are the envelope of a two-
parameter family of spheres. From [98] and [99)] it follows that the coordi-
nates, £, 1, ¢, of the centers of these spheres are given by equations of the
form

(13) t=i+(c—)X =%+ (¢ — 1) X/,

where %, 1, Z; are the cartesian coordinates of S; X', Y, Z', are the direc-
tion cosines of the normal to S;; and

To 01
moNo (01 — Oor)°

In order to explain the terms in this expression, we remark that S;, being a
surface 2, is normal to the lines joining corresponding points on two surfaces
C; and Cy9. These surfaces C; and Cj are in the relations of transformations
K., with C and C, respectively, and the transformation functions are 6;, \
and 61, Ao1 respectively.

If z10, Y10, 210 and 1, y1, 21 denote the cartesian coérdinates of Cy and C,
respectively, we have

(14) o=

=, A -
(15) X = @ - ), K=" (m—a),

where T is the analogue of T,.
Since C, Cy, C;, C1o form a quatern of surfaces under the relation of trans-
formations K,,, we have from [73], [76], [77], [79] the relations

(16) )\ij 0; = 0,’5 )\; - oj )\i + 0:’ xj’ oij xi + o.ii kJ' = 0’

)\.‘j 0,’ + Xj.' 0,' = 0,
and
an Nij O 255 = 05Nz — N\ 0; 2 + N, 0; 25,

fort =1, =0. Alsofrom [9]

(18) T —x =

fort=1.

’)“(a,Xl—}-b X +w; X)
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By means of these equations the expression (15) can be given the form

X = 0 (B0 + o 01) (21 — &) + Mo 61 (2 — 20)]
6, T1o

001 — 0
(19) = -—m:n;w[( ‘;1’”& )\oal+—£ﬂ))X1
0 ) 0 0 0
+<0)im—)\ob1+Lo)X2+( 0)11 1)\0w1+_1‘uﬁ))X]-

If the expressions (12) for X, X,, and X be substituted in this equation and

use be made of the identities

we Ot

aosmw-—bocosw+VGau—0,

(20)

aosmw+bocosw+‘/igt 0,

which follow from [42], and of the relation [97], namely
(21) (Two— To) 01+ (6ox — O1)moNo(tr — ) =0,

t, being the complementary function for C;, we have

- o (61 — 8 o
e gerp i e |x

ot
(aysin @ — by cos w) VG +wl£_

p— X
(22) + NoH '
(a1 sin w + by cos w) \’_E_+’w1%t' l
+ 7 "X
\pH ’

where we use the abbreviation
(23) ®;; = a;a; + b b; + w; w; (e %7).
From (13) we have accordingly
— _ 1 — — —
24) Z—z=0t—-0)(X —-X) = —o,—(ﬂ1X1+l31X2+M1X),
1M

where
TlO 01 xl

Tt = T8, + mono (8or — 01) ¢

7 = [(alsxnw—blcosw)w/(_?+w16tJ

1
(25) \/ H
Bl=‘J_H[(alslnw+blcosw)\/_+wlat]

pr=mN (8 —t) +To-
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From [100] it follows that the radius R of the variable sphere whose en-
velope is S and S, is given by

moXot(0or — 61) + To 6,
26 R =
(26) mo Ao (601 — 61)
We consider for a moment a general transformation of Ribaucour of any
surface. If the equations of the transformation are written in the form (24),
the functions 71, 81, u1, o1 and the function 7, defined by

(27) 2mi 70y =} + B+ ui
satisfy the equations:

s S = o _ _ [Fh
du Epl’ av""/G ’
9 = F
£=\/E’h, E_\/GBI’
3, _m aVE on_ B 94G
au_‘lé o ’ 60_‘/58?;’
(28) dloga = dlogo
e, _ [m, en_ Gh

%1:_:= \6/1_6;'{_ ‘I_-I-m;al(\lE ‘/I':-I'l);

#__ mae, 6

3=~ = o T 1—+m161(\/6'+\/51),
E

where E, G and E;, G, are the first fundamental coefficients of the given
surface S and its transform S;, and p;, p; are the principal radii of curvature
of S. Conversely, every set of functions satisfying these equations deter-
mines a transformation of Ribaucour.*

The ratio 71/p is equal to the radius of the variable sphere of the trans-
formation. When S is a surface 2 and the transformation is of the type 4n.,
it follows from [93] that
(29 moNo (Ooi — 01) + Tomihi (s — &) + ®10 =
Hence from (25), (26), and (29) we have
moXo(aol - 91)t + Tool

T ’
_ _Moho(fon — 1) _ mo(M B+ )\031)
B = Tﬂ To
* Annali, ser. 3, vol. 22 (1914), pp. 191-248.

Ty = —

(30)
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From these expressions follows

(31) 71=u1t_01,
and from (21) and (30)
(32) 01 Tro = To[p (1 — 1) + 6:].

Hence from the first of (25) we have
A A

(33) o1="(m(t—t) + 6] == (utr — 7).
T1 T1

From [54] we have that the fundamental functions for a surface S are
expressible in the form

~’§=[1—”;?t(xo—poo)](,

\G = [1—M(M+P00)]i

p
VE _moOo—p) G _ mo(ho + pbo)
p1 Tovo ~ p Tovp

D =E/py, D"=0G/p.

When equation (31) is differentiated and use is made of equations (28)
and (34), we obtain

T AN T
(35) nl—vp(“lau_au): Bl —‘J;(“lav_ 6’0).

A function 6; determining a transformation K., of C, and consequently
a transformation 4,, of S, must satisfy the equations [65], namely

(34)

a01+1/E coswal — sin wb; + (t; — t)’%—)\—l(coswao
]
—sinwby) | = 0,
(36) -
801+m Fcoswa, + sin w by + (¢ — t)m

1M
T, (cos w ap

+sinwbo) = 0.

When these expressions are substituted in (35) and also the expression for u,
from (25), we obtain

_ b
"I_T

B = ;p[d)lo +Tow/G(a1cosw+blsmw)]

[‘ho(%i-i— ToVE (ay cos w — by sin w)],
(37)
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These equations are consistent with (25) in consequence of (10).
We recall from M,, § 6, that the complementary function ¢, of C, is given by

i _p 90; | o3
@ [(tl t)au +0‘6u]’
t P a00; at
v )\;[(ti_t) av+0‘817]’

for © = 1. Making use of these equations and the preceding equations, we
obtain from (33) by differentiation

(38)

Q;Q)

901 m [A6itimo(No — pbo)
i \/;rf[ T, —>\1#1t1+P01"1]’
(39)
60’1 B1 [)\101t1mo()\o+p00) _)\ t — 0 r ]
‘/_71 T, 1M1l pULTL .
From (28), (35), and (39) we have
= 1 01 £, mo (Mo — pbo) pb1 1'1]
E = [ _t ’
\[—1 ‘l;(‘fl—ﬂltl) Ty vt M
(40) .
\/El— [01i1mo(>\o+000)_t1“1_Polfll.
Vo (m —#1t1) T, M
From these expressions and (34) we get
mo (No — pbo) ]
= M@ —t)———F—— — A 0: |,
\/— \/— M‘JP(Tl—#lil)[l( 2 Ty s

(41)

T1 [xl(t—tl)?nL(MT-'-—p—eB_)—xl—pal]°
— mt) 0

Hence the last two of equations (28) may be written

‘/GTI-F‘/E =)‘1‘/;(:1

Om _ ——1—6—@3 ~ ™ 6y = o) o+ By ™ Ro = pbo)

du \/5 av ! 'Jp ! ! 10 VPT("; ’
(42) _

9 _ _1ING _m mo (Ao + o)

v F Ou m = ‘/;()\1 + p61) + P10 VT

To these formulas we add

® ot ot
(42") "ﬁﬁ-‘/;(ma-i-ﬂlb—v) = Hpw,,



62 L. P. EISENHART: [January

which is obtained by solving the second and third of equations (25) for a,
and b; and by substituting these and the expressions (10) for ao, by, wo in (23)
fort=1,5=0.

3. ENVELOPE OF THE CIRCLE-PLANE OF A TRANSFORMATION A,

It is a well-known fact that the circles orthogonal to two surfaces which
are in the relation of a transformation of Ribaucour form a cyclic system,
that is they are normal to an infinity of surfaces. We call the plane of this
circle the circle-plane of the transformation and in this section we derive certain
results concerning the surface S, which is the envelope of these planes.

From (24) it follows that the direction cosines of the normal to this plane
are proportional to

(43) /311?1—171}2, 31 ?1—771_}—72, /3121—"0122.
Consequently the coérdinates xo, 3o, 20, of Sp are given by
(44) 2o=%+p(mX+6X)+qX,

where p and q are to be determined. The conditions necessary and sufficient
that S, be the envelope are that

(45 Z(ﬁIXI_mX”%%:O’ Z(ﬁlfl—nlfz)%)=0

The derivatives of X;, Xz, X are given by

axX, 16\/~X +f X, 1 4G
du \/5 ? E2) \/E‘ ou

X, 10E- ok, 1 046 = 0~
6) == =X, o= =X 4,

du dv v B du 2

9X Ny O_X____ l/’g:X' *

ou gV d  p

to

if /1 1 6 E
@7 q=;[#1(;}‘2—;)+m10’1(\/5+%—5—1)],

*E., p. 157.
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From (28) we have

61-1 6;.;1 61-1 % —
(48) + P17 au O) av + Pz 0.

Since these equations become the Rodrigues equations,* when 7, and
are replaced by #, 7, 2and X, ¥, Z respectively, it follows that 7, is a solution
of the point equation of S and p; of the tangential equation. Hence p,, X,
Y, Z are the tangential coérdinates of a surface Zo which corresponds with
parallelism of tangent planes to S and with lines of curvature in correspondence.
If &, no, $o are the cartesian codrdinates of Zo, their expressions as given by
the general equations for tangential codrdinatest are reducible in consequence
of (28) and (46) to the form

(49) fo=mX +mX:+ 6 Xs.
Making use of these results, we have from (44)

(50) dzo = Xdw + & dp,

where

(50) ©=g— pm =@9<\/\ﬁl J&)

If we put

(51) ¥=mo+5u+al+6D)+m,

the linear element of Sy may be given the form
(52) ds? = du? + 2dpdy .

These results which are true for any cyclic system will be applied in § 19 to
certain transformations 4,,.

4, INVERSE OF A TRANSFORMATION A,

It is evident that the relation of a transformation 4, is entirely reciprocal,
and in the subsequent theory it will be desirable for us to know the functions
by means of which § is given as a transform of S:.

The equation analogous to (24) is

1 S
:1-}—'2-31=—;’;{(7th + 67 X2+ﬂ11X,))

where X', _l_", 7;X,,Y,,Z; X,, Y,, Z, are the direction-cosines of the

normal to S; and of the tangents to its lines of curvature. For any trans-

*E, p. 122.
t E., p. 163
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formation of Ribaucour, defined by (24), these direction cosines are given
by the following expressions:*

S=X4+2@m-2, Xi--%L-2@-a,
T1 T1
X =X+% -3).
T1
Substituting these expressions in the above equation and replacing % — %
by its value from (24), we get an equation of the form
AX + BX, + CX, = 0.

Since this equation is also true when the X’s are replaced by the Y’s and Z’s,
it follows that 4, B, and C must be zero. This gives the three equations
i D _mpl tmar — BB

—1

My 1 il 1 Bi
Bt = ol = — o
751 ! ''m ! 1B ! my Ty

[

From these equations and (27) follow
7 =pm, Br'=—pB, wi'=pm, i =po,
where p is a factor of proportionality to be determined.

We have remarked that the radius of the variable sphere is 71/u;. Hence
77" = pr1. If this value be substituted in equations analogous to the third
and fourth of (28), we have in consequence of others of these equations that
p = ¢/711 01, where ¢ denotes a constant. Hence

7t = em/Ti0, Bt = — cBi/T10y, ui' = em/m10y,

(53)

! =c/ay, ot =c¢/71.

It is readily found that these values satisfy equations analogous to (28).

5. SURFACES OF GUICHARD

It is our purpose to apply the preceding results to the surfaces of Guichard,
as defined in the introduction. Calapsot made a study of these surfaces and
determined their characterization. He found that there are two types which
he called surfaces of Guichard of the first and second kinds. He showed that
the fundamental functions of a surface of the first kind are given by

(54) \/i’=efsinha, \/—@=e$cosha, F=0, D=0,
D = ¢ sinh a(cosh a + 4 sinh a),

D" = ¢f cosh a(sinh @ + & cosh ),

*Annali, L e, p. 196.
tAnnali di matematica, ser. 3, vol. 11 (1905), pp. 201 et seq.
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where £, a, and & are functions satisfying

‘”' (h+cotha)a£, ‘”‘ (h+tnha)a,
Pa Fa Py 90 d
u2+802 +cothaza 2+tanha—5ﬁ—c sch? o 6uaf¢
(55) s
+ sech? a'5% 9% 4 (cosh  + & sinh @) (sinh a + k cosh @) = 0,
T T; ag aa 3% da
Juds — au gy T COth @, 5, ttanh ag .

Conversely every set of functions satisfying these equations determines such a
surface. In what follows we consider only surfaces of the first kind, but
analogous results are equally true for surfaces of the second kind.

The fundamental functions of the associate surface S’ are of the same
form as (54) in functions ¢, o', k', given by

e =et (1 —R),

) sinh o/ = 75— [sinh (1 + 1) + 2h cosh a,

cosh o/ = i_l—hz[cosh a (1 4 k%) 4 2k sinh «].

Comparing equations (34) and (54), we have
mo (Ao — pbo) = VpTo(cosh a + k sinh a),
mo (Ao + pbo) = VpTo(sinh & + h cosh a),
To — mot (Mo — pbo) = ToVpet sinh «a,
To — mot(No + pbo) = ToVpet cosh a.

(57)

Eliminating Ao — pfo and Ao + pf, from these equations, we obtain two
equations which are equivalent to

(58) t=et/(1—h), Np=(1=h)e®,
Substituting these values in (57), we find

= 1 Z—" 2 _ 1T,
(59) Mo (l—h) 00__2%0

With the aid of the first two of equations (57) the first two of equations (4)
Trans. Am, Math, Soc. 8
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are reducible to

Q—l%ii)=\/;(cosha+hsinha)g£,
(60) dlog T at
——% = Vp (sinh a + k cosh a)%.
From (58) and (55) we have
h
(61) ﬁ=e‘9+“ csch a 9§ o .., secha 0f

du (I—kpPow o % (=hro
Substituting these values in (60) and making use of (55), we find

dlog Ty 1 ok dlog Ty 1 0k
(62) ou 1 —hou’ d 1 —hdv’

Since Ao, 6o, To in the transformation from C to C, are determined only to
within a constant factor, it follows that in all generality equations (62) may
be replaced by

1
(63) T, = =%
Consequently equations (59) become
_L11+h _l ¢
(64) M=o e 0 BT T Dime

It is readily shown that these functions satisfy equations (5).
From (58) and (55) follow also

alog\/; e 0t Oda

©5) u k-1 csch a du  ou’
6Iog\/;_)_ e* b 9  da

W h—1%"%% " &

With the aid of these results it can be shown that ¢, given by (58), is a solution
of equation (1).

From the general existence theorem concerning surfaces of Guichard, as
given by Calapso, it follows that each set of functions £, «, h, satisfying
equations (55), determine a surface C, for which ¢ and p are given by (58),
and the surface Cy is determined by the functions Ao, 6y, T, given by (63)
and (64).

6. TRANSFORMATION OF SURFACES OF GUICHARD

It is our purpose now to show that there are transformations A4,, of surfaces
of Guichard into surfaces of the same kind, and that these transformations
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are equivalent to certain ones obtained by us* previously in another manner.

In the first place we observe that there must exist two functions Ay, 610
for the new surface whose expressions are of the form (64), namely

11 + hl —t 1 e“

(66) 7\10—2 o €, 010_2(h1—-1)mo°

When the values (64) and (66) are substituted in the first of equations (16)
fort=1,5 =0, we have ;

1 3
~ - )0, = e __¢

67 (et (1+mh)—(1+h)et)6 )“<h1 i 1).

From the general theory of transformations Kt it follows that the point
equation for C, is that obtained from (1) when p is replaced by p;, where

N

(68) L= g

From (58) it follows that we must have for the surface C;
(69) Vo1 = (1 — by)etrten,
When this value and that for p from (58) are substituted in (68), we get
(70) M =01(1— k) (1 — h)ebrratiza,
Eliminating A, from equations (67) and (70), we get
(1 — @) (ef —eft) + (1 4+ e @) (hef — het') = 0.

If we introduce a function k; by the equation

1—-k
arta
(71) = Ik
the above equation may be replaced by
(72) h=lc1—lle‘, h1=k1—lleﬁ,

b, being a function thus defined.
From (71) it follows that

cosh oy (1 — k?) = (1 4 k}) cosh a + 2k, sinh «,

(73) . .
sinh a; (1 — k) = — 2k; cosh @« — (1 + k?) sinh ,
and thence
- cosh a1 + k; sinh a; = cosh a + k; sinh @ = ¢4,
4 sinh a; + k; eosh a; = — (sinh a + k; cosh &) = — ¢,
*L.c.

f M}, P 412,
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¢1 and Y, being thus defined. Hence (73) may be written
(1 — k%) cosh oy = 1 + k191,
(1 —k})sinh oy = — (Y1 + k1 ¢1).

_ From (54) and (58) it follows that ¢, and the fundamental quantities E; and
G, for S; must be of the form

(75)

efl
1—h

When these values are substituted in (40), the resulting equations are
reducible by means of (57), (58), (72), and (74) to the single equation

(76) \ﬁﬂ;l = ef'sinh o, \/(—2_1 = ¢ cosh o, th =

(77) L6,(1—Fk)+m(l —k)=0.
From this and (31) we obtain

(78) 6,(1 —h)+7(l—Fk)=0,
and consequently

(79 wm=bm,

that is, 1/, is the radius of the variable sphere.
When the above values of A1, 71, u1, and #; are substituted in (33), we get

(80) 0L =T 0_(£l+e)(1 - k?) .

Hence for the type of transformations 4, now under discussion equations
(28) are

a a

6_2'1=8 m (ki1 + ¥1), £= By (k1 Y1 + ¢1),

g—ﬂ ¢t 7 sinh «, %:71= ¢t By cosh a,

o1 . O .
£=—m(cosha+hsmha), %——Bl(smha+hcosha),

(81) ‘;—u— = — Bl(tanh ag—f +6a) + w1 (cosh @ + h sinh o)

4+ myoyef sinh o + my e (ky gy + ¥1),

om _ o  da) 9B _ %  da
W—Bl(cothaa +6u) EW (tanhaév+av)’

%— - ( oth a E-l-a >+M1(Sinha+hc°Sha)

+ myoyef cosh o + my 71678 (ki + ¢1).
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In consequence of (79) equations (72) are equivalent to
(82) b=tk —et2, b=k — b2
T1 T1

When these values of & and A, respectively are substituted in the first two of
equations (55) and analogous equations in functions with the subscript 1,
we get

ok 9
a—ul=¢1(csch a%-l-e"z—i),
(83) ok 8
-(—3——1_\1/1(sech as+ e'r_i)’
and
] . 9 '
29% = sinh al(csch “a—i + (et — e‘)’;’i),
(84) 3 ok
% = — cosh al(sech as + (efr — es)f—i).

When the value of ¢f! from equation (80) is substituted in these equations,
they are satisfied identically in consequence of the above equations.

When the expression for %; from (71) is substituted in (83), we get

aiu(“‘ 4+ a) = — (cosh a; + cosh «) (csch ag—;i— e"—:—i),

a%(al + a) = (sinh a; — sinh a) (sech ag—f - e‘f—i).

It is readily shown that these values of ; and £, satisfy also equations analo-
gous to the last two of (55). Hence we have

THEOREM 2. If S is a surface of Guichard of the first kind, each set of func-
tions o1, T1, M1, 11, B1 satisfying (81) and (27), where k1, ¢1, and ¥, are given
by (74) and (82), determines a transformation Am, from S into a surface of the
same kind; the functions a1, &1, b1, of S1 are given by (73), (80), and (82).
Hence in addition to the constants m; there are three arbitrary constants of
integration.

From (31), (58), (70), (71), (80), and (82), we get

0= ;= (= 1),

(85) L4
A= _all=h) —o1—met(l+k),
1-1Fk

as the functions determining the transformation of the surface C associated
with S.
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7. THE ASSOCIATE SURFACE OF GUICHARD
In M,, § 10, we found that the transformation 4,,, for which
86) 0o=—-M\=1, 610 = No, Ao = b0, b= —A1 =1,

transforms a surface S into a surface S, corresponding to S with parallelism
of tangent planes, instead of the surfaces S and S; being the envelope of a
two-parameter family of spheres. We shall show that if S is a surface of
Guichard the surface S; so obtained is the associate surface referred to in the
definition of surfaces of Guichard, as given in the introduction.

From [111] we have
(87) T[o = T 0-

On the assumption that §; is a surface of Guichard we have from (63) and a
similar expression for Ty

(88) hi = k.
Likewise from (64), (66), and (86) we have
(89) et = (1 — R)et,

From the first two of equations (55) and similar equations for S; we have in
consequence of (88)

d 9
(k + coth o) a_ul = (k + coth a)—i,

a a
(k + tanh o) '0_1)1 = (h 4+ tanh a) a—i.

If the expression for ¢ from (89) is substituted in these equations, it is
found that they are equivalent to

sinh ay = 75— [sinh a (1 + 1) + 2k cosh ],
(90)
cosh a1 = ﬁ_Tll [cosh a (1 + A?) + 2k sinh «].

But these equations and (88) define the associate surface of S, as Calapso
has shown.* Hence our assumption has been justified and we have

THEOREM 3. A surface of Guichard and its associate are in the relation of
the parallel transformation A, that s, the one for which 6; = — X\, = 1.

8. TRANSFORMATIONS A,, WITH THE SAME CIRCLE-PLANES

We begin the study now of surfaces @ which admit several transformations
A,, with the same circle-planes.

*L.c., p. 214,
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From the expressions (43) of the direction-parameters of the circle-plane
of a transformation A, it follows that if a second transformation A, of S
has the same circle-planes as the original transformation, the corresponding
functions B2 and 7, are proportional to 8, and 5, respectively. From equations
(28) and similar ones for the second transformation of S, we note that we
must have

3(7'1,‘7'2)_ 3(_#1,#2)__

d(u,») 9 (u, ) =0.

Consequently 7, is a function of 7;, and u. is a function of y;. But as 7,
and 7, are solutions of the point equation of S, 7, is at most a linear function
of 71. The same is true of u; and u;, since they satisfy the tangential equa-
tion of §. On account of the linear character of equations (28) we have in
all generality

(91) Ta=11+7, pe = p1 + ', my = my + m',

where 7/, u’, and m’ are constants. It follows at once from (28) that

(92) N2 = M, B2 = B1.
From (31) we have also
(93) 0 — 0, =u't — 7.

This equation is consistent with the equations obtained by replacing the
quantities in (92) by the expressions (35) and similar ones for 5, and 8.

An exception to the preceding results arises in the case when S is a surface
of revolution. In this case C coincides with S and p is a function of a single
variable, say u. Now the point equation is satisfied by any function of u
and consequently we are not justified in saying that 7, is necessarily linear
in 71. As a matter to fact it is an easy matter to construct a large number
of surfaces of revolution in relations of transformations of Ribaucour to the
given surface, and the meridian planes are the circle planes. Hence we exclude
from future consideration the case when S is a surface of revolution. It is
readily shown that this is the only case for which 7, is a function of » or v
alone.

From equations (42) and analogous ones in 7; and 8; we get

(20 — Pro) modo = T (mahe — M1 )y),
(94
(P20 — P10) M0 O = T (mag bz — my161),

where ®, is given by (23) for ¢ = 2, j = 0. In like manner from (37) and
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analogous equations we have in consequence of (94)

. T 1 ot
(a3 — a;) cos w — (by — by) sinw =”T(;‘0(ml)\1 - mz)‘z)ﬁa,

(95)

. T, 1 ¢t
(az — a1) cos w + (b — by) s1nw=n—%—;\o(m1)\1 -maxg)Ta%.

From [94] and [15] we have

4 t .
3;"0 = mi (N — pbs) Tog—u — mo (Ao — pbo) VE (a; cos w — b; sin w),
(96)
8<I>.-0 at .
3o = ™i (N + p6:) Togo — mo (Mo + pbo) VG (a; cos w + b; sin w),

for:=1, 2. Making use of these equations, we obtain from (94) by differ-

entiation

d Ao — pby) 9t
5{‘(‘1’20 — ®y) = 2(Py — ‘I’lo)M—

T, ou’
9 o + po) 3t
&(on-@lo) = 2(@20 _Qlo),'ﬂ(%m.a_v'

In consequence of (4) these equations are equivalent to

97 ®o9 — P10 = kT,

where £k is a constant. Hence equations (94) become

(98) mg 0 — my 0, = kmy 6o, maNe — M1 A1 = kmoNg.

If m, and m, are not equal, it follows from (93) and (98) that 6, is a linear
function of 6 and t. If m, and m, are equal, 6, must be a linear function of ¢.
Hence we have

THEOREM 4. In order that two transformations Am, and A, have the same
circle-planes, it 1s necessary that 0, be a linear function of 8y and t; if my = m,,
0o must be a linear function of t.

We postpone the consideration of the latter case to § 20.

9. WHEN 6, IS LINEAR IN 6 AND ¢
Since 6, for a transformation K, is determined only to within a constant
factor, we take in all generality
(99) 01 =00+ c1t+d,

where ¢, and d; are constants. When this value is substituted in equations



1916] TRANSFORMATIONS OF SURFACES © 73

(36), we get

. ot 96
@(cos way — sin wby) = R‘ana_J’

. at a6,
VG (cos way + sin wby) = Rlav 3;",

(100)

where we have put
(101) R1 = ml)\l(tl—t) — C1.
From the equations
o\; a0; N a9;
(102) w= P =P

for + = 1, we have by integration

(103) M=N+oar+e,
where e; is a constant and r is defined by

or at or at
(104) = " P 3= Pa-

Differentiating equation (101) and making use of equations (38) forz =1,
we obtain

oR at oR ot
(105) —a——l=—m1()\1—p01)au, —a—v‘=—m1(>\1+pol)51—).

If the above expressions for 6; and \; be substituted in these equations, they
can be integrated with the result

(106) R1=-—(m1-7%+0rt+Et+Dr+F),

where we have put

(107) C =me, E =me, D =md,, F=mf,

f1 being the constant of integration.
We consider now the second transformation. We put

(108) 0, = 0o+ cat + ds, N=No+tcor+e

without loss of generality. Hence from (98) and (107) we have

(109) C = mgecq, E =mye,, D =myd,, me — my = kmyg.
The equations analogous to (100) are

VE (cos w az — sin w by) = Rzat 9%

du~ ou’

at a6y

VG (cos w az + sin w by) = Rgav B0’
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where
Rz = mz)\z(tz - t) — C2.

In order that these equations and (100) be consistent with (95), we must

have

T
(110) By — Ry = - (ma = ms).
0

In consequence of this equation, (107), and (109), it follows that in the ex-
pression for R, similar to (106) we must have the same constant F, that is
we may write

(111) F =mf.
Again from (95) we have with the aid of (10), (98), and (109) the first two
of the following:

me — My
mo

az — ay =

ao, bz—b1=m2n:0mlbo,
(112)

me — My
Mo

W2 — Wy = Wo.

The last one follows when we express the condition that the functions a; and b;
satisfy the fundamental equations [10] of a transformation K, namely

';;:‘ = — m;(\i — p8:) VE cos  + b; A + w; D/2VE cos w,
%%i = — m;(Ni + p8;) VG cos w — b; B +w; D"/2G cos w,
db; . .
i mi(N\i — p0;) VE sinw — a; A — w; D/2E sin w,
(113) o9
6_1; = — mi(Ni + p0;) VG cos @ + a; B + w; D'/2NG sin w,
i _ _ ( a )
ou  9+4E\cosw sinw
aw;_ D”( a; 7
v cos w smw)
where
_ [Ealogp . dw \/Galogw/_ dw
(114) A4 = T o0 1n2w—au, sin 2w—a—v-

We recall from M,, § 6, that a set of functions a., b;, w;, 0;, \;, ¢; satisfying
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(36), (38), (102), (113), and the relation
(115) 2m; 0N — (af + b 4+ wi) + miINI(¢ — )2 =0,
determine a transformation K,, of surfaces C and a transformation A, of

surfaces Q.

10. TRANSFORMATIONS A,, WITH 6; LINEAR IN 6, AND ¢

We consider now the transformation for which 6, has the form (99). From
equations (100) we have, in consequence of (10),

1 1 a6 1 a6
a = _Rlﬂ_—(____"_l_____")’

Ty 2cosw\ VEAu = +G v
(116)
el L L 1Lom)
1= 17 2sinw NEOu ' NGgov )

When these expressions are substituted in the first four of equations (113)
for ©+ = 1, the resulting equations reduce to the following two:

D(wl +%:R1) + (80)11

1 R
= | m O = ) + T o = 0t0) | = 0,
ol |
117 .
D"(w1+ToRl)+ (60)22
1 'moRl ]
—5l my (A + pb1) +—F— T, (>\0+P90) =0,
where we have put
%0 a0
(B =500 — oy o,
(118)
3 0 a0 60
(00)22 = o {zz} ? {22} °,

the Christoffel symbols {7} being formed with respect to the linear element
of C; their expressions are given by M, (108).
In like manner the last two of equations (113) become
aw1 Rl 6wo D ( 300 300)

w - " Toou TE\%u T
(119)
awl R1 aw° D" ( 600 600)

- T, tE\Ew Fa

If the first of equations (117) be differentiated with respect to » and the
second with respect to u, and the derivatives of w; be replaced by their ex-
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pressions from (119), the resulting equations vanish identically because of
the Codazzi and Gauss equations* for C. Hence it is only necessary to
express the condition that the expressions for w,; given by (117) shall be equal.
This is

p[D" (60)11 — D (80)22] = D" [ml()\l — pb1) + %mo()\o - Poo)]
(120)

R
-D [ml (M + pb1) +7:mo()\o + Poo)]-
From (101) and (106) we have

(121) ml)\l(tl——t)=cl—(Z—L‘;m1+Crt+Et+Dr+F).

It is readily shown that this value of ¢, satisfies equations (38) for 7 = 1.

It can be shown that if a;, b;, w;, \;, 0;, ¢; satisfy equations (36), (38),
(102), and (113), the left-hand member of equation (115) is constant. As
we desire a transformation K, , we must show that for the above functions
this constant is zero. In order to do this we must simplify the expression
for wy.

By definition the differential parameter A, (6, ¢) formed with respect to
the linear element of any surface is given by

%00t (303t 30 3L) 900t
Gau o F(c")u do ' 9o 61/,) +. dv v
Ay (6o,1) = EG— F° .
By differentiation we have
g2 gt 30 _ 3t
_AOt_au 600 K (')vt
E™ 1(6o, )—‘Eg_Fz"(o)n'i- E—G—F{_( i1,
(122) )
g¥_pd g o6

d v du dv d
3581000, 8) = 7w (60)n + W‘F‘Eﬁ(t)zzy

where the expressions for (¢);; and (¢)s; are analogous to those for (8g)n
and (0, )s2 given by (118).
For a surface C, in consequence of (2), we have

ot ot 109t ot at 1 9¢

Con FTm=paw Em Fau=7an
(123) 3600t 36y ot
ou Ju dv Ov
Al(oo’t)=—m2—-

*E., p. 155.
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Moreover, from [43],

_ _wD  mo
(t)ll = = TO +pTo()‘° p00),

(124) i
w
()2 = — —— +%’;()\o+p00).

0

Hence for surfaces C' we have from (122)

c% _ it
1 9t d du "
p—m@(oo)u=5EA1(00,t)+Wlwop—mo(7\o_l’00)]:
(125)
g3yl
1 ot ad o du

’31—257’(00)22 =§5A1(0°’t)+ H2 T, [wo D" — mo (No+ pbo)].

With the aid of these results, (117), and [48], namely

D ot 9 D" at

d
(126) %logwo=-§a—u, 551ng0=7&’

equations (119) may be written
3% _ 30

d R
%['wo(’wl + Ti’wo)]
9 9 d
=~ Tz, Au(fo, 1) + =5 ma (o — p0),
EZ2—F2

9 R
%[Wo(wl + ﬁwo)]
dv u

0
= — Toa—vAl(Go,t) + T"l’no()\o + pby) .

(127)

L a9,

In consequence of (4) and (123) these equations may be integrated in the
form

R
(128) ’wo(wl +’T‘:wo) =mo(Nobo+g) — ToA1(6o,1),

where g is a constant. From (110) and (112) it follows that g does not change
in passing from the transformation of S into S; to that of S into S;; the im-
portance of this remark will be seen later.
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11. SPECIAL SURFACES

When the values of a;, b1, w1, t1, as given by (116), (128), and (121) are
substituted in equation (115) forz = 1, we get

A6 + H2p?[Ay (8, t) — N +2C(Nrt+%9— 0 7 —)\ot)
0

(129)

+2D(rN — o) + 2E(tN — 6,) + 2FN + G = 0,
where
(130) N=”'2_00000—+g) A100=A1(00) 00))

To ’
and G is a constant such that

2CF 2DE (*
When equation (129) is differentiated with respert to u and v separately,
the resulting equations are reducible to*

a6 a\[ 1
(-—3 - N——) L(BO)H +;(CJ1 + DK, + EL, + FM,)

u ou
5 _
—*—;v— To(N — A1(60,¢)) | =0,
0
132) a0 anT 1 i
(73; _ Na,) | (80 + (CJ2 + DKy + ELy + FMo)
D T
+=—To(N — A1(6,1)) | =0,
Wo .
where
‘=7E°_(MFJL@’ Ji= M;rt — r + pt,
(133) To

Ki=M;r +p, L;=M;t—-1,

with the upper or lower sign according as ¢ is 1 or 2. We consider now the
various ways in which (132) can be satisfied.

If the first terms of (132) are zero, there is a functional relation between
6o and ¢. Since both are solutions of equation (1), this relation must be
linear. Later (§ 17) we show that when 6, is a linear function of ¢, these
terms are not equal to zero.

We consider next the case

oho_ o on, o
ou ou’ EY) v’

1 D/’
(134) (60)22 +;(CJ2 + DK, + EL, + FM,) +;0‘T0(N—A1(00,t)) =0.

* It should be noted that D which multiplies the last expression in the first equation is
one of the fundamental functions for C' and not a constant, as the other D is.
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If the first of (134) be multiplied by mo(No — pfy), 1t can be integrated,
in consequence of (4), in the form

(135) mo(Nobo+9g) =TV,

that is, NV is equal to V', which is a function of v alone.
Accordingly from the first of (134), (104), and (5) we have

(136) 00 = Vi + Vl, )\o =Vr + Vz,

where V; and V', are functions of » alone.
On the assumption that these quantities satisfy the second of (5) we get

VirtVy=p(V't+ V1),

where the primes indicate differentiation with respect to ». Since this value
of r must satisfy equations (104), we must have

, , aVp Vs Y (Vi
an e+ vb=ve, 222 24(7) -(F) =0

where V3 is a function of » given by

m=wm—w(

ViVe + g)'
—v )

In order to obtain this expression for V3, we solved the above equations
for r and ¢, getting

Lo (Vs
(138) r =1 (NoVs = V3, t=V,(~é—Vl),

and substituted in the equation obtained by differentiating (135) with respect
to v.

The remaining conditions to be satisfied are the last of (134) and (6). From
the former of these we obtain an equation of the form

ou ’
where P is a determinate function of V', V;, Vs, their derivatives and p,
but the function is very complicated. However, in any particular case it
would be possible to see whether it, (136), and (6) are consistent. Accordingly
in what follows we make exception of the cases where 6, is of the form (136)
or with ¥ and V, replaced by U and U,, functions of  alone.

When we equate to zero the second terms of the two equations (132), the
resulting equations are reducible by means of (128) to (117). Hence, when C
satisfies (129), the values of a;, by, w1, t1, as given by (116), (128), and (121),
determine a transformation K., of C. Now m, is a solution of the cubic (131).
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Moreover, each solution of this cubic determines a transformation of C into
a surface C;, and, as follows from § 9 the transformations 4,, so determined
have the same circle-planes.

From (18), (98), (109), and (112) we have

mz)\2x2 - ml)\lxl + (m2 —ml))\oxo = 0.

Hence if M,, M., M; are the points on the three transforms of M in the
above special case, it follows that My, M,, M; are collinear and their line passes
through M,. We have seen (§ 8) that if m, and m; are equal, 6, must be a
linear function of ¢. Hence for the present we exclude the case where two of
the roots of (131) are equal (cf. §20). This imposes a condition on the
constants in equation (129), which will be assumed in what follows.

We shall say that two surfaces C whose functions satisfy the same equation
(129) are special surfaces C of the same class. Later (§ 12) it will be shown
that if C is a special surface, Cy is a special surface of the same class. Hence
we speak of S as a special surface Q of the class determined by the constants
C,D,E,F,G,and g. Each of the three surfaces €, determines a transform
S; of . We speak of these particular surfaces C; and S; as the comple-
mentary transforms of C and S respectively. The preceding results may be
stated in

TaeoreM 5. If C is a special surface satisfying (129) in whick the con-
stants C, D, E, F, G, g are such that the roots of (131) are real and distinct,
and 0, 13 not a linear function of t with coeffictents which are functions of the same
single variable or constants, there can be found directly three transforms of C such
that corresponding points on these surfaces are collinear. These three surfaces C;
determine three transformations A, of the surface S, associated with C and Co,
such that the circle-planes of the three transformations coincide.

The investigations of the last two sections enable us to state the following
theorem which is fundamental in what follows:

THEOREM 6. When a surface C admits a transformation K, into another
surface Cy, such that the function 0, 1s linear in t and 0y with constant coefficients,
the surface C 1s a special surface, and C, 1s a complementary transform of C.

12. COMPLEMENTARY TRANSFORMATIONS OF SPECIAL SURFACES {

Having thus established the existence of special surfaces 2 and transforma-
tions of them for which 6, is a linear function of ¢ and 6, we consider in this
section the surfaces S; resulting from these transformations.

From (116) and (128) we get

&= a1a0=— R,y To+ mo(Nobo+g).
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Hence from (25), (31), (33), and (35) follow, in consequence of (99) and (101),

R
m=c+N, 1= Nt — 0y — dy, T10’1=M1( 1+ol)+)\101,
(139) ot a6 ot aeé,
7V - & _
"“‘/-(Nﬂ‘au)' ﬁl‘%(Nav a»)‘

Equation [93] is reducible to
moNo (61 — B01) = To(er + N) = Tom.

Hence in consequence of the identities (16), we have

_ I, _ T
MO = —No b +mo#1, 01 M0 = — 6o\ +m0/.¢1,
which are reducible to
T
)\1 010 = — N)(clt + dl) +Egcl + g9,
(140) r
01M10 = — G (c17 + e1) +E:01 +g.

It is readily shown tliat these functions satisfy equations for S; analogous to

(5), namely

6)\10 — _)\_1 8010 92\10 )\1 3010
(141) du  pb du’ d  pb® dv °

If 67" and A" denote the functions by means of which we pass from 81
to §, and if we show that

07" = 0+ c1 ty + di,

then we shall have shown. that §; also is a special surface Q.
We recall from M, § 1, that the fundamental equations of a transformation
K of a surface C are

d 36, dx
5;()‘1&) - ( Tou olau)

a3 a0, oz
b;()‘lxl)—P( T olav)

For the inverse transformation from C, to C the analogous equations are

2 -1
b%()\;lx) _ _ﬁ.(w %_ 0—-1%)’

(142)

02\ "™ du du
i) A\ a6;! ox
5()\,‘13:) oz(xl 3 0,‘18—;).

Trans. Am. Math. Soc. 6
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From these equations it is readily found that

K
AN = o’

K

—1 —
(143) o =5

where k denotes an arbitrary constant.

When this value and the expressions for 65y and ¢; from (140) and (121)
respectively are substituted in the above equation, we find that it vanishes
identically, if we take

, , CF DE (?
(144) CI—CI, dl—dl, K—g_m§+m¥ +m?.
Hence §1_ is a special surface . It remains to show that it is of the same
class as S.

We introduce for the surface C, a function r; analogous to r for C. From
(104) and (141) it follows that

arl )\f atl arl 7\% 6t1
(145) " "pfou’ - pftdn
As thus defined, r, is determined only to within an additive constant. But
it is readily shown that this constant may be so chosen that we have

(146) O1(ri—71) =Mt —1t).

Since the functions A\;' and 67" must satisfy equations (141), as well as \;o
and 6,9, we have

(147) 07! =60+ e ts + di, M '=Ao+ciri+ e,

in consequence of (144) and (146).
From these results it follows that the equation analogous to (121) is

ml)\T’(t—tl) =01 — (T%:nl-l-Cﬁt1+Et1+Dn+F’).

In consequence of (21), (16), (121), (140), (146), and (147) it follows that
F =F.

If the constant g is the same for S, as for S, the function pi! of the trans-
formation from S; to S must be

pl =a +$()\10910 +9),
10

as follows from (130) and (139). If u;' be replaced by its expression from
(53), it is readily found that the preceding equation is true, when we take
¢ = «k, as given by (144).

Since m, is the constant of the transformation from S, to S, from (131)
it follows that G has the same value for S; as for S. Hence we have
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THEOREM 7. The complementary transforms of a spectal surface Q are special
surfaces of the same class.

We consider now the four surfaces C, Cy, C;, Cy which are associated
with a pair of complementary surfaces S and §;. The functions 6;' and
o', by means of which C is obtained from C,, are given by equations similar
to (143), namely

05" = xo/No, Ao' = ko/bo,

where o is a constant. From (140) and (16) we have

O =1t + dy — mf;\ocl —)‘:]—o.
In consequence of [67], namely
(148) To = moNo(t — 20),
it follows that if we take x, = — g, we have
(149) 01 = 05" + c1to + ds.

On the assumption that r, is chosen so that a relation similar to (146) holds,
we find from (16) and (149)

(150) Nt ="+ e+ e

For a quatern (cf. M2, § 7) of surfaces C the functions ¢ satisfy an equation
similar to (17), namely

(151) N Oity = 0Nt — N6t + N, 055
Also from (148) and an analogous equation we have
T5' = moNg' (to — t) = — A" To/No.

With the aid of these equations it is readily shown that an equation analogous
to (121), namely

71
(152) myNor(tio — to) = €1 — (%o; my + Croty + Ety + Dro + F):

is satisfied.

In accordance with the general theory of the permutability of transforma-
tions K,., the constant m has the same value for the transformations from
C into C; and Cpinto Cye. Hence all three constants m are the same for com-
plementary transforms of Co as of C. In view of the above results g and G
accordingly have the same values for Cy as for C. Hence we have:

THEOREM 8. When C s a special surface, the conjugate surface Co, which
with C determines a special surface @, s of the same class as C; if Cy is a comple-
mentary transform of C, and Cio i3 the fourth surface of the quatern, then Cio
13 a special surface of the same class as C and is a complementary transform of Co.
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13. GENERAL TRANSFORMATIONS OF SPECIAL SURFACES

In this section we apply the results of the theorem of permutability of
transformations 4, of surfaces @ [§ 9] to show that if S and §; are comple-
mentary surfaces Q, it is possible to find surfaces S, such that S; and the
surface Su are complementarv surfaces, where Sy is the surface forming
with S Sl , and S; a quatern of surfaces Q.

The function 6,; determining the transformation from S; to Sy is given
by [104], namely

Ag 021 (Mg — my) = MaNg 01 + mi Ny 02 — $yo
(153)
+mima AN (8 —8) (8 — ).

From the general theory of transformations 4,, we know that on the normal
to S, there are two points M, and M,y which describe a surface C; and a conju-
gate surface Cy, and that the four surfaces C, Cy, Cz, Cz form a quatern.
From [93] we have that the function 65, determining the transformation
from C; to Cy, is given by

P
(154) A2 20 = — N 02 +—m2)\2(t2 = 1) +’ﬂ

When these expressions are substituted in

(155) 021 = b3 + c1ts + di,
we get

(Cr+ E + maXo) 02 4 (Cts + D + mabp) N2 — Pys +mlm;m24>20

(156) °T
— ma N (b — t)(Crt +Dr+ Et+F + mz;nﬂ) =0.
0

If the left-hand member of this equation be differentiated with respect to u
and » separately, and it be required merely that 6, satisfy equations analogous
to (36), the resulting equations vanish identically. Hence for all transforma-
tions Ay, of S the left-hand member is a constant. Consequently of the «*
transformations A4, of S into Sy, ™1 are such that (155) is satisfied, and
therefore, by Theorem 6, S is a complementary transform of S,. Hence
S; and Sy are special surfaces.

By methods analogous to those followed in the preceding section it can be
shown that

Aat =N+ 172 + e,

my Na1 (f21 — 1) =01—(T2o +szt2+Et2+D7‘2+F)

Analogously to (30) the function us; of the transformation from S, to Sy,
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is of the form
_mo[ M (021)0 + N2o 021]
T2 ’

where (021) is the function determining the conjugate ( C2;1)o of Cs; such that
C;, Cy, C21, (C31) form a quatern. From equations analogous to [84] we
have

(157) (021)0N21 02 = — O20 N2 01 + 021 N3 00 + G101 0;.

By means of these results we find that

mo (G20 N
#21=01+—“0( 20Tz:0+9)

As the transformation constant from C, to Cy; is m,, it follows that G is the
same as for C. Hence:

TueoreM 9. If S is a special surface Q@ and Sy is a complementary transform,
and 8, i3 obtained from S by a transformation Am, whose functions satisfy (156),
S, is a special surface of the same class, and S12, which is the fourth surface of
the quatern determined by S, Sy, and Ss, is a complementary transform of S, .

If in the expression for ®;,, as given by (23), we replace a;, by, w;, by their
values from (116) and (128), then in consequence of (123), and equations
analogous to (121), (42’), and (25), the equation (156) is reducible to

(Cr+ E 4+ myNg)0: + (Ct + D + mg 6o) N2
EY) LY ® at ot
(158) +‘/_(nzauo+ﬂzao) [ﬁﬁ‘%(ﬂz%‘l‘ﬁz%)]
—uz(Cri+Et+Dr+F+m2 T°)=0.

From the preceding considerations we know that the left-hand member of
this equation equated to a constant is a first integral of equations (28).

Since m; does not appear in equation (158), it follows that m. can take on
the value m, as well as all other values. Hence we have

THEOREM 10. When a special surface S is subjected to a transformation Am
whose functions satisfy equation (158), the new surface i3 a special surface of
the same class.

If C, C;, C;, C;; form a quatern under general transformations K, the
transformation function 6;; is given by [72], namely

d a0; a0,
3y (N 0i) = —9(0 3 o’au)

(156) d a9 a6
Z(n0:) = T e L
v (i) = p (0‘ v 6; v )
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When 6, is of the form (99), and 6, is any other solution of equation (1), it is
readily found that the expression (155) for 0, satisfies these equations for
1=2,j =1, if 0, satisfies them for :+ = 2, j = 0. Hence if C and C, are
complementary surfaces and C; is any transform of C, one of the infinity of
surfaces S’, which with C, C,, C, forms a quatern under general transforma-
tions K, is determined by the value (155) of 6,;. But one, and only one, of
the surfaces S’ is a surface C (cf. [§9]), say Ci2, in the relation of trans-
formations K, and K, with C; and C, respectively. Moreover, we have
seen that if the transformation K, from C to C, satisfies (156), the function
021 determining K, is of the form (155). Hence we have

TaeorEM 11. If C and C, are complementary surfaces for which 6, = 6
+ c1t + di and C, s any transform of C, the surface arising from C: by the
transformation K determined by (155) s a surface C, if and only if (156) is
satisfied; in this case it is complementary to C,.

14. THEOREM OF PERMUTABILITY OF GENERAL TRANSFORMATIONS OF SPECIAL
SURFACES

Let C; and C; be two surfaces obtained from a special surface C by trans-
formations K., and K., which satisfy equations of the form (156), and let
Cz; be the unique surface C which with C, C,;, and C; forms a quatern of
surfaces C. Let C; be the surface complementary to C determined by the
constant m;, and let Cy; and Cy; be the surfaces complementary to C: and
C; in accordance with Theorem 11.

The functions 621, 623, 631, determining the transformations of C; into
C12 and Cy;3 and C; into Cy3, are given by equations analogous to (153), namely

A; 0.~,~(m,~ b m,-) = mi)\i 0,’ + m,-)\j 0, i (b,'j

i =2,3
(160) [
+ mimi NNy (8 — ) (4 — ) (3‘1'3’ ’*J)

Also in accordance with (155)

(161) 0ir = 00+ c1ti + dy (i1=2,3).
From (23) and (18) it follows that
(162) ®y; = mim; NN D (2 — z) (2 — ).

Hence equation (156) may be written
(Cr + E + maXo) 02+ (Ct + D + ma 6p)\;
—myma N O (21 — 2) (20 — 2)
+ (m1 — ma)maNo e 2, (20 — ) (22 — )

—mzkz(tz—t)(Crt+Dr+Et+F+Zan&)=0.
0
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We desire to show that the transformation from C; to C.; satisfies a similar
condition, namely

(Cry 4+ E 4 m3Ng0) 023 + (Clas + D + ms3 030) Nes
— myms a1 Nes D, (T12 — T2) (T3 — 22)

+ (m1 — mg)maNeoNas 2, (T20 — T2) (23 — X2)

— m3 N3 (b3 — tz)(Crz to + Dry + Ety + F + mg3 T2°) =0.

‘mo
From equations (16) and (17) we have
(163) )\2.‘ 02($2¢ bl xz) = — ()\. 02 + 02,’)\2) (xz - x) + )\.' 02(21; - x),

and similar equations in y, 2, and ¢.
In consequence of the expression for T analogous to (21), and of equations
(16) and (163), the above equation multiplied by 62 is reducible to

[COyr 4 ONe (8 — ) + Ef; + m3 (N2 020 — N2 g + No 02) ] 623 02
+ [R(xe — ) — (23 — x)N3 02 ]m3 { my Ny 02 (21 — )
+ (ms — m1)No Oz (2o — )
— (22 —x)[mg (N2 020 + N0 02) + (Cr + E)6; + Oyt + DXg]}
4+ (Cts + D + m302)0: (R — N\, 05)
+ms[R(fe —t) — (ts — )N 81 ((Clta + D) (Gar + Aoty — Ao 't)

Co
+ (Ety + F) 6, —?:'Fms()\ooz + N2 30) (£ — 1)

—msho Bz (ty —t)) =0,

where we have put
R = 03 \2 + N3 6.

We replace the quantities ) (2; — z) (2, —x),for: =1,2,3;5=1,2,3;

1 % 7, by their values from (162) and then &®;; by their values from (160).

In like manner we replace D (x; — x) (2o — x) for 4 = 2, 3 by their values

from (160) and then ®; by expressions analogous to (154). Again analogously
to [63], [64] we have

Z (g — ) =

...mz

26, ,
AZ + (t2 - t) .

When these substitutions are made, we find that the equation is identically
satisfied, in consequence of (99), (103),and (121). Hence the relation between
C, and Ca3 is similar to that of C and C;. It is evident that the same is true
of the transformation from Cj; into Cy3.
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From the generalized theorem of permutability of transformations K [§ 7]
it follows that there exists a unique surface S’ which is in the relation of
transformations K with C3, C13, and C1z. However, as yet we do not know
that 8’ is a surface C; but presently this will be seen to be the case.

Now we shall show that 623, the function determining the transformation
from Cq; to S’, is given by

(164) 035 = (023)0 + c1t2s + di,

where #,3 is the complementary function of C,3, and (623 )0, given by an equa-
tion analogous to (157), is the function determining a conjugate surface to Ca;.
From equations analogous to [84] we have

023 Na3 02 = — 031 N2 03 + 033 Ny 61 + 031 A3 05.

Substituting this expression and the expressions for (623) and #,3 from equa-
tions of the form (157) and (163), we find that in consequence of (161) equation
(164) is satisfied identically. Hence for the quatern C;, Ci, Ca3, S, the
conditions of Theorem 11 are satisfied. Consequently S’ is a surface C,
complementary to Cz; and we have

TrEOREM 12. If S 4s a special surface Q@ and Sy and S, are two special
surfaces obtained by means of transformations Am, and Am, satisfying conditions
of the form (158), the fourth surface of the quatern, determined by 8, 81, S: in
accordance with the theorem of permutability of transformations Am, 13 a spectal
surface of the same class.

15. PARALLEL TRANSFORMATION OF SPECIAL SURFACES {2

Let S be a special surface and S; one of its complementary transforms.
Also let S; be the parallel transform of S, as discussed in 8 10]. Inaccordance
with this theory there exists a fourth surface Sy, such that §; and Slz are in
the relation of a parallel transformation. We desire to show that S. and Sy
are complementary transforms of one another and hence special surfaces Q.

In analogy with (86) the transformation functions from S to S, are given by

(165) 6= — N =1, 020 = No, N2 = 0, o2 = — Noz = 1.

The four surfaces C, Co, C2, and Cy, which are the basis of the transformation
from S to S; form a quatern such that C and C,, and Cj and Cy are pairs of
associate surfaces. In a similar manner for the quatern C, C;, Cy, Ci,
C: and () are associate surfaces, as follows from [§ 10]. Hence we have

(166) b1 =N, Aa=06;, Ou2=—Nrg=1.
Now from (38) and an equation analogous to (146) we have

(167) tz =r, Te = t.
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Hence from the foregoing equations
(168) 021 = 020 +c1tzs + €1, N1 =No+ 172+ dy,

that is, the surfaces C; and C); are complementary transforms of one another,
and likewise S; and S1;. However we notice that the constants ¢; and d,
are interchanged.

By methods analogous to those followed in § 13 it can be shown that the
constants F', g, and G are the same for S and S;. Hence we have

THEOREM 13. When a special surface Q whose constants are C, D, E,
F, G, g 1is subjected to the parallel transformation, the resulting surface s a
special surface whose constants are C, E,D,F,G,g.

16. SPECIAL ISOTHERMIC SURFACES

We apply the preceding results to the determination and transformation of
special isothermic surfaces.*

In this case the lines of curvature being the conjugate system with equal
point invariants, we have

E =@ = ¢, F=0, w = 45°, p=e2, Hp =1,

¢ being thus defined. Since ¢ is zero, we take r = 0 in conformity with (104),
and have from (10) and (4),

t=r=0, ay=by =0, wo = Ty = const. = 2my,

the constant m, being thus determined.
From [114] we have

1 1 1 1
D) )
=\, Rl P

As it is desired that C; shall be isothermic, it follows from (121) that we must
have

If we put
2
A=F, B= G+‘i—+Fg+4C,
equation (129) becomes

v Mo 0o \?
(169) Al 00 + T + A)\o 00 - 2DXO - 2E00 + B = 0,

* The results which we obtain thus briefly are due to Darboux, Annales de 1’Ecole
Normale Supérieure, ser. 3, vol. 16 (1899), and Bianchi, Annali di mate-
matica, ser.3, vol. 11 (1905), pp. 93-158.
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and equation (131) reduces to
(170) my(2m; + A)? — Bmy — 2DE = 0.

From (5) it follows that if 6, and A are of the form (136) for an isothermic
surface, then p is a function of » alone and S is a surface of revolution, which
we have excluded from the discussion. Accordingly an isothermic surface
other than a surface of revolution which satisfies the condition (169) is
called a special isothermic surface of class (A, B, D, E).

From (139) it follows that the transformation functions leading to a comple-
mentary transform of S are

[N I\
m = 84’—“6;, Br= — 64’——6”0, p1 = wy = 3N 0o + 4 + 2my,
D E
7'1=—01=—00—m—1, 0’1——>\1=—)\0‘7_n‘1

In order that this value of w, shall be equal to that given by (128), we must
haveg = 0.

The results of §§ 11 and 12 when applied to this case enable us to state

TaEOREM 14. A special vsothermic surface, whose constants are such that
the roots of equation (170) are real and distinct, admits three complementary
surfaces which are isothermic surfaces of the same class; and the circle-planes of
the three transformations coincide.

From § 13 we have

TaeoreM 15. When S is a special isothermic surface, the equations of a
transformation Dy, of this surface into an isothermic surface admit the first integral

O\ O\
e"’(m&t—o—ﬁla—;) — (mho+ E)60, — (mby + D)\,

4+ ur (4 + 2m + % 6p\) = const.

When this constant vs zero, the resulting surface is a special isothermic surface
of the same class as S .

From equation (163) for the #'s, it follows that if S, S;, S, are isothermic
surfaces so also is Sy . Hence

TuEOREM 16. If S; and 8, are two special isothermic transforms of S,
there exists a fourth special 1sothermic surface of the same class which is a trans-
form of Sy and Ss.

For the present case Theorem 13 becomes

TrEOREM 17. The parallel transform of a special isothermic surface of class
(4, B, D, E) s a special surface of class (A, B, E, D).
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17. WHEN 6, 1S LINEAR IN ¢

We consider throughout the remainder of this memoir the case where 6,
is linear in ¢ with constant coefficients. It follows at once from (5) and (104)
that N\ is linear in r. Thus we put

(171) 00=00t+do, x°=CoT+80.
From (4) we have by integration

(172) T, =7:_:(007\o+90),

where go is a constant of integration.
In consequence of (10) we have from (116) and (128)

b
a1=aT00(co’-R1), b1=?0“o(co—R1):
(173) ( )
wy =%(00—R1)+m0—g‘ﬁ'

It follows from (113) that if g and go in (173) were equal the surfaces Cy and C,
would coincide, which evidently is contrary to hypothesis. If we put

(174) b =mo(g — go),

it follows from the preceding considerations that i does not vary in passing
to the various transforms of C.

In considering equations (132) we excluded the case where 6 is of the form
(171). Referring to (130) and (172), we see that the first two expressions in
(132) vanish only when g and g, are equal, which we have seen to be impossible.
Hence when 8, is of the form (171), the vanishing of the second terms of (132)
are a consequence of (129) which reduces to

at\? at\?
o G+ G T+
(175) Pi\5u) T\5 +
+2To(Crt + Et + Dr + F + ¢0) +jTs = 0,

where j is the constant given by

(176) hj= 26—00(d0e0+go) —2D80—2Edo+2FCo+G+Cg.

If we put
2C + jmoco = — kmg ey, 2D + jmody = — kmy ds,
(177 2E + jmoey = — hmg eo,

2(F + co) +j:—“:(e.,do+go) - - h%"(«:ad;m),
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equation (175) is reducible to
at 2 at 2 m, ’ ’ ’ ’ ’

@®) o[ (Z) +(5) [+1= 1@+ &) G +a) +ail.

Suppose now that we have a surface C satisfying the equations of condition
in § 1, with 6, and A\ of the form (171), and also equation (178). By means of
(176) and (177) we can transform the equation (178) to the form (175). Thus
from the five arbitrary constants m,, c,, d;, €,, g, we pass to seven, namely
C,D,E,F,G, L,andj. Evidently then in all generality » and j can be
given fixed values, so long as we take & # 0. The resulting equations assume
a simple form, if we take j = 0 and k = — 2. Now equation (175) becomes

179 (ﬂ)2 (ﬁ)z] 1 ="T¢(Crt+ Et+ Dr+ F
179 »o|\3,) t\5 ) | +1=To(Crt+ Et + Dr + F + <),

and the constants G and g which appear in equation (131) are given by

G = 2D80+2Edo - 2FCo - cﬁ +2Cg0 (doeo"l‘yO)y

(180)
a2
g=90— 7
We recall that every surface C has in general two conjugate surfaces, Cy
and C;. From [56] we have that the functions a,, b,, w, determining C,

are given by

’ [ 1) ’ bo ’ 1 ’ 0
(181) a0=17)-§, b°=1,_03’ w0=—-—u-);, T0=’1;§.
0

Since the left-hand member of (179) is equal to H? p?, it follows from (10)
that this equation may be written

(182) %=Crt+Et+Dr+F+co.

0

In consequence of (106), (181), and (182) equations (173) may be written

, m , m , m
(183) a1=a.,+"—ul)ao, b1=bo+”—z;bo, w1=wo+n—$’wo.

Expressing the condition that these expressions shall satisfy equations (113),
when ao, by, wo and aq, by, w, satisfy it, we get
(184) my 01 = mg 6 + m{, 01,:,

MmN = mo No + mo)\o-

Equations (183) show that each circle-plane of the complementary trans-
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formations of C is the plane of the corresponding points M, My, Myon C, C,,
Ch respectively, and M, lies on the line My M.

From equations (184), (171), (99), and (103) it follows that 6, and \; are
linear functions of ¢ and r respectively.

Conversely, we shall show that when 6, and 6, are linear functions of ¢,
the surface C is a special surface. If we take

’ ’ ’ ’ ’ ’
0, =c,t+d,, N=¢cr+e,

the function T is given by an equation analogous to (172), namely

(185) Ty = o2 (0% +45).
From (181) and (10) we have
(186) H*p* = To T,

which is the same as (178) in consequence of (185). Hence we have

THEOREM 18. When 0, and 0, for a surface C are linear in t with constant
coefficients, C admits three complementary transforms, in general distinct, whose
circle-planes are the planes determined by corresponding points on C, Cy, and
Co; moreover, this is the only type of special surface C with 0, linear in t.

We propose to show that the functions 6;, and A\jy of a complementary
transform are linear in ¢; and r; respectively.

We put

(187) O =(co+ ¢ )ta + (do + d'), Ao = (cot+c¢")ri+ (e +¢).

If these equations be multiplied by m;\; and m, 6, respectively and the
expressions for mjA; 019, My 01t, my A, and my 6, r; from (140), (121),
and (146) be substituted, the resulting equations vanish identically if

(D +mido)c = (C+ mico)d,
[%(eodo +g0) + F — 01]0' =(E +mie)d
1
+[%(G+03)+0001—2m1<90—’m—)];
0
(E+me)e = (C+meco)e,
[1:'—:(8odo+go) + F — 01]0' = (D 4+ mydy)e
1
+[%(G+03)+0001—2m1(90—’1;):|-
0

As these four equations in ¢’, d’, ¢’ are consistent, we can find their values
such that (187) shall be satisfied. Hence we have
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THEOREM 19. When 0, for a special surface C i3 a linear function of t,
the function 61 of each of the complementary transforms of C is linear in t, .
From (130), (172), and (180) we have

2

(188) N=oc-7.

Hence the transformation functions of complementary transforms, namely
(139), are reducible now to

2t _dom1+D

#1=01+Co—70, n= ST T T
(19) __2%a _ 2%
=7, sw b= =",

my710y = w (R +¢1) + miA 6y,

18. SPECIAL SURFACES OF GUICHARD

In this section we apply the results of the preceding section to establish
the existence of special surfaces of Guichard and to show that they admit
transformations. *

When we compare equations (58) and (64), we note that for every surface
of Guichard 6, and A, are of the form (171) where

1
00=—2'—7n0, d0=eo=0.

Again comparing (63) and (172), we see that
1

Jo = — dm?°
In consequence of (58), (61), and (63), equations (189) become
m=2(h—m), 1= —2(ef +3d),

_ 9 - 8¢
m—-—2cschaau, 6;——2sechaap,

my 7101 = 2D(h2 - l)e_t +28$E+2h(01 - F — C)

(190)

+[(ﬁ1+ D2 4 2 (F — 1) + Dex - 20],

* The results here obtained were established at length by the author in a previous memoir,
ef. Annali di matematica, ser. 3, vol. 22 (1914), pp. 191-248.
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where m; is the constant given by

— C 1
(191) m1=1—%(;1—§‘m—0)=1—%(01+co).

If the last of (190) be differentiated with respect to u, the resulting equation
is reducible by means of (81) to

my 116 (k11 + ¥1) + my oy ¢f sinh o + Eef sinh o
4+ e $D[2k(cosh @ + h sinh a) + (1 — A?) sinh «]
+ (e1 — F — C)(cosh a + hsinh a) =0,
where now k,, as defined by (82), is given by

by = hdl + 2e‘ FLl
1= dy + 2¢hr

The consistency of this equation with equations (190) necessitates the relation
(192) er—F — C = dmymy,
under which condition the last of (190) reduces to
myTi0y=2D (R — 1)et + 2¢¢ E + 8hmy my
+ (Dey — (1 + m3)4my).
When these values are substituted in (27), we obtain

(194) esch? o (% )2 + sech? « (%)2

+ R +D(1—h)et — Eef +2Bh+ H =0,

(193)

where
(195) B = — (2m; + 1) m,, H = 2m; +m} (1 4+ 2m;) — 1 De,.

On the other hand equation (179) reduces to (194) where now

(196) H=1-C—-F —-¢=2C—-1+2m(2m +1).
Equating these two expressions for H, we have
(197) 20+%De1=(1+2m1)(ﬁ1—1)2.

For the present case we have from (180)
G = 2Ccy — 2Fcy — ¢j, g = —ci + 4c,
and the cubic (131) becomes

2CF 2DE C(?
2Fco+03—'2000+2m1(400—03)+‘”_zl‘——":'—77§=0.
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In consequence of (191) and (192) this equation is equivalent to (197). With
the aid of (195) it can be shown to be equivalent also to

(198) (H —2my)2my(2my + 1) — B*2my + DE(2m; 4+ 1) =0,

which is the equation found in the above-mentioned memoir.
When the above values of the constants are substituted in the expression

. 1
3(G+c) +eoer — 2m1(go —;),
0

it vanishes identically. Hence the quantities ¢’, d', ¢’ in (187) are equal to
zero, and we have

(199) 010 = cot1 + do, Ao =¢CoT1 + €.

As the functions pi, 71, B1, 71, 01, given by (190) and (193), satisfy equa-
tions (81), we have

THEOREM 20. When a surface of Guichard satisfies the condition (194),
in which the four constants B, D, E, and H are such that the roots of equation
(198) are real and distinct, the surface admits three complementary transforms
which also satisfy (194).

The latter part of this theorem follows from the fact that the transforms
are surfaces of Guichard, and from the general results of § 12, since H, as
given by (196), depends only on C and F, and B, as follows from (195) and
(196), is equal to
(200) B=%13C+F+c—2).

When a surface of Guichard satisfies (194) we say that it is a spectal surface
of class (B,D, E, F).
Since ¢y = — 1 mp and dyp = 0, it follows from (64) that

(201) r=—(1+h)et.

When S is a special surface of Guichard and S; is a surface of Guichard
which is a transform of S in accordance with §§ 5 and 6, then in consequence
of the formulas in these sections and the present one, equation (158) is re-
ducible to

2
csch aégm + sech aa—gﬂz - (2+ mge‘)(dz +liz)
Ju dv 2 T2
(202) E
tr|m -t 3 |~ mB+ A +2m)] =0,

Hence for all transformations from a special surface of Guichard into a surface
of Guichard the left-hand member of this equation is constant. Applying
Theorem 10 to this case, we have
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THEOREM 21. When a special surface of Guichard undergoes a transformation
Aum for which the functions satisfy (202), the resulting surface is a special surface
of Guichard of the same class.

ItS , S1 , and S, are three surfaces of Guichard of which S; and S, are trans-
forms of S, the fourth surface of the quatern, determined in accordance with
the general theorem of permutability of transformations 4, is a surface of
Guichard. We shall not go through the details of establishing this here.*
Hence in view of Theorem 12 we have

THEOREM 22. If S;and S, are two transforms of a special surface of Guichard
S satisfying (202), the fourth surface of the quatern is a special surface of the
same class.

Combining Theorems 3 and 13, we have

TrEOREM 23. The parallel transform of a special surface of Guichard of
class (B, D, E, H) s a special surface of class (B, E, D, H).

19. ENVELOPE OF THE CIRCLE-PLANES OF A COMPLEMENTARY TRANSFORMATION

We consider now the envelope of the circle-planes of a complementary
transformation of a special surface.

With the aid of (34), (41), and (139) the expressions for the functions p, w,
and ¢, as given by (47), (50’), and (51), are reducible to

p=%9, [Oo(Dr+F—61)—'(Ct+D)(—_)‘°t)]:

(203) v = i‘[C()\ot—‘&)‘l‘)‘“D_m‘g]’

v = 00(01' + E) - )\o(ot + D).
We recall that the linear element of the envelope S, is

ds? = du? + 2dpdy .

Hence, if we put
(204) w =1, p=—y+iz, 2¢=_(y+iz)’

the surface whose codrdinates z, y, z, are given by (204) is applicable to S,.
When in particular S is a special isothermic surface, the expressions (203)
are reducible in consequence of the results to § 16, to

bo
=7’

v="2%D 004 %), v=8E-%D.

2
w = —;(mxao-l-D)’

*Cf. Annali, lec,p.213.
Trans. Am. Math. 8oc. 7
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Substituting these values in (204) and eliminating 6, and Ay, we get
(y+w)[e—2m(y —12)] =22[(2C+ L E)(y —1z) —e1xz + dh].

Hence S, is applicable to a quadric, as Darboux has shown.*
When S is a special surface of Guichard, in consequence of the results of
§ 18, the expressions (203) are reducible to

e‘ _ 2m1 ﬁl ee + Dh

pP=35, O - ),

die*(1+h)+2(1+4+m)

14

D
¥y =- [ml(l —my)et + 5(1 - h)]
v=13%Eeé +3De (1 - h).

These are equivalent to the expressions for p, w and ¥ which we have found
previously, and from which we showed that S, is applicable to a quadric.}

20. THE CASE m; = mq

In this closing section we consider the case where two transformations 4,,,
with the same values of the constant m, have the same circle-planes. From
(93) and (98) it follows that in this case 6 and )\ are of the form (171).

If we put m; = my, = m, equations (98) may be replaced by

Kmg KMo

(205) 02=01+?{00, XZ =)\1 +?)\o.

From these equations, (95) and (10) we have the first two of the equations
(206) a; = a1 + kay, by = by + «bo, wy = w1 + KW,

the last being a consequence of the fact that a; and b, as thus given must
satisfy equations (113) for « = 2, when a, and b, satisfy these fors = 1.

When we express the condition that 6; and 6, shall satisfy equations of the
form (36), the resulting equations are reducible in consequence of (10) and
(171) to the single one

(207) m)\2 t, = m)\1 t, — Kmy do r + KBo,
where

It is readily shown that this value of ¢, satisfies equations (38) for 2 = 2 on
the assumption that ¢, satisfies them for 7 = 1.

* L. c.; cf. also Bianchi, 1. c., p. 139.
tAnnali, Lec,p. 241.
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The remaining condition to be satisfied in order that the transform of C
by as, bs, we, 62, N2 shall be a surface C is equation (115) for 2 = 2. This
necessitates the relation

me Co

mo (No 61 + O A1) — By —<To ~"m )m)\l(tl —-t)
(208) 2

my c
o).

If the left-hand member of this equation be differentiated with respect to
u and v separately, the resulting equations vanish identically in consequence
of (36) and (96). Hence for any transformation K,, of a surface C satisfying
(171) the left-hand member of (208) is a constant. If this constant is different
from zero, a constant x can be found so that (208) holds, and then (205) and
(206) define a second transformation such that for the two transformations
the circle-planes coincide. Accordingly we have

THEOREM 24. When the function 0y of a surface S 1s linear in t, each trans-
formation An for whose functions the left-hand member of (208) s different from
zero has associated with it another transformation A, such that the circle-planes
of the two transformations coincide.

The surfaces of Guichard are of this type.

PrINCETON UNIVERSITY,
May 14, 1915.




